MA 241 Spring 2023, Test 2 Answers

L. /tan4:vsec4$dx = [ tan® z(tan® z + 1) sec® z dx

(Substitution: u =tanz  du = sec? r dx)
1 1 1 1
= /u4(u2+1)du: /(u6+u4)du = ?u7+5u5+C’: ?tan7x+5tan5x+(]

1. /tan2xsec4xdx: /tanzx(tan2x+1)sec2xdx

(Substitution: v = tanz du = sec? z dr)
= /u2(u2+1)du— /(u4+u2)du— %u5+éu3+C’— %tan%&—i— %tan?’x—i-C'
1. [ tan®zsec’ zdx = (sec?z — 1) sec’® z tan x sec x dx
(Substitution: u = secx du = tan x sec x dx)
= /(u2 — Dubdu = /(u8 —u®) du = %ug - %u7+C: %SGC9$— %sec7x+C’
1. [ tan®zsec® zdz = (sec’ z — 1) sec* x tan rsec z dz
(Substitution: u = secx du = tan x sec x dx)
= /(u2 —Dutdu = /(u6 —ut)du = ;u7 — %u5+C’: %sec%g — %se05x+C’

2. In your problem, a was 3, 5, 7, or 9.

/x5 (@)adx

r =sinf

= / sin® @ cos® (cos 6 d6) x dx = cosf df

= /sin5 0 cos®t 9 do m

= — /(1 — cos? )% cos™ O(—sin 6 dA)

(Substitution: u = cosx du = —sinz dz)
— _ /(1 . u2)2ua+1 du = /(_ua—l—l + 2ua+3 _ ua+5) du = _Lua—m + L a+4
a4+ 2 a+4
1 2 1
= — cos®? x + cos® g — cos® Oz + C
a+2 a+ a+
1 2 1
= — 1 — 2)ot2 L 2 (/1 — p2)otd _ V1 — 22)0t6 4 ¢
aa VI A (V- ) e A

9 Va2 —1=cosf

1

a—+6



3a / 2
' 2?2 +1 x = tan6

2 +1
_ /@ sec2 0 do T dz = sec?6do
sec? 9 V?+1 =sech
= / tan® 0 df 1
3 x
3b. By polynomial long division, we get PO T ek

x3 x
/x2+1dx—/xdx—/x2+1dx

The first integral is easy and the second needs a substitution with u = 2% + 1 and du = 2x dx.

1 1 /1 1 1 1 1
So the integral is §x2——/—du:—xz—ﬁln\uH—C:—x2—§ln\x2+1|+0.
u

2 2 2
A 1 _A,B_C D B FatG Hrtl
' 22(r — 1322 +16)2 o 22 x—1 (v—1)2 (r—1)3 22416 (22 +16)2
1 A+B+C+ D n E +F:E+G+ Hx 41 or similar
or _ 2.2 X '
w3z — 1)%(x% 4+ 4)? 22 23 r—1 (r—1)2 2244  (22+4)?

COMMENT: It can’t hurt to write 4EP2 or A5zt C2% here, but writing C*gfﬁf‘ﬁ or g:%ﬁ was wrong
because it was not useful for doing integrals.

> +9x+3  Az+B  C

@+ )@t4d) P11 r4a

w_c s0C = —1.

Multiplying by x + 4 and setting x = —4 gives us 61 9

Using ' = —1 and multiplying through by the whole denominator:
2 +9r+3=(Az+ B)(z +4) + (—1)(z* + 1).
?+92+3=(A—1)2?+ (4A+ B)z + (4B — 1), so
A-1=1 4A+B =9 4B —1=3, and we solve to get A=2 and B=1.

An alternative way to find A and B would be to multiply through by (2% + 1) and then set x = i:

2 1 0i 43
%:AHBM 24 9i=(Ai+B)(i+4) 249 =4B— A+ (4A+ B)i
1

Then solve 4B — A =2, 4A+ B =09.

?+9r+3 2041 1
(22 +1)(x+4) 22+1 x+4




?+120+14 A . B n C
S+ 1D2(r+4) x4+l (1?2 x4

16 — 48 + 14
Multiplying by = + 4 and setting x = —4 gives us (—3)—; =(C,s0(C = _718 = —2.
1—-12+ 14
Multiplying by (x + 1)? and setting z = —1 gives us T—i_ =B,so B=1.

Using B =1 and C' = —2 and multiplying through by the whole denominator:
P+ 1R2r+14=Ax+1)(z+4) + (zr+4) —2(x+ 1)~
Comparing the coefficient of 22 on both sides, we get 1 = A — 2, so A = 3.

An alternative way to find A would be to multiply through by (z + 1)?, differentiate, and then set x = —1:

(=14+4)(2(=1) +12) — ((-1)? + 12(—1) + 14) _ A “ A— 2 _3
((=1)+4)° - 0
22+ 122 + 14 3 1 2

(x +1)2%(z+4) x+1+(x+1)2_x+4'

COMMENT: Setting up éi%gf;jf) = éfjl)BQ + ILH was not correct, because it was not useful for doing

t 22 +122+14 _ 3z+4 2

integrals! You would ge To integrate the first fraction, you would eventually

(x+1)2(364.r4i  (z+1)? z+4"
have to compute the correct partial fractions!
*+8r+25 A N B n C
T+ D(x4+4)? x4+l x+4 (x44)2
16 — 32 + 25
Multiplying by (x + 4)? and setting z = —4 gives us —3+ =(C,s0(C = -3.
1—-8+425

Multiplying by x + 1 and setting x = —1 gives us — =A4,50 A=2.

(=3)
Using A = 2 and C' = —3 and multiplying through by the whole denominator:
t?+8r+25=2(x+4)*+ Bz +1)(z+4) —3(xz+1).
Comparing the coefficient of 22 on both sides, we get 1 =2+ B, so B = —1.

An alternative way to find B would be to multiply through by (z +4)?, differentiate, and then set x = —4:

(—4+1)(2(—4) +8) — ((—4)2 + 8(—4) + 25) _ B < B_=0_ 1
(5 +1p T
x2 4+ 8z + 25 2 1 3

(z+1)(x4+4)2 z+1 z+4 (x+4)?

COMMENT: Setting up m—ii@ = x%l + gﬁ)@ was not correct, because it was not useful for doing
integrals! You would get m% = %H + (ijj)z. To integrate the second fraction, you would eventually

have to compute the correct partial fractions!



?+zx+10 A +B$~|—C’
S+ D) (a2 +4) x4+l 22+4

1-1410
Multiplying by x + 1 and setting x = —1 gives us T—i_ =A,s0 A=2.

Using A = 2 and multiplying through by the whole denominator:
2+ x4+10=2(z*+4) + (Bx + C)(z + 1).
?*+2+10=(2+ B)a*+ (B+C)z+ (84 O).
2+ B=1 B+C=1 8+ C =10, and we solve to get B=—1 and C =2.
An alternative way to find B and C' would be to multiply through by (22 + 4) and then set z = 2i:

(21)(;5@5 10 0+ B(2)+C  6+2=2Bi+C)2i+1) 6+2=C—4B+ (2B+2C)i
(3

Then solve C — 4B =6, 2B+ 2C =2.

@ +r4+10 2 L TE+2
(x+1D)(22+4) 2+1 22+4

6. Consider a thin sheet of material cut out by y = v/1 — 2% and y = 0 (a semicircle of radius 1.) Find the
y-coordinate of the center of mass.

A vertical slice of thickness Az at position z is a rectangle whose bottom is at y = 0 and whose top is at

y = V1 — 22, The mass of the slice is p - v/1 — 22Az (the area density times the area). The y-coordinate
of the center of mass of the slice is in the middle, at height %\/ 1 — 22. The mass-weighted integral of these
y-coordinates is

! 1 o [! P 1.0 p 1 1 2p
V1—22 =1 —a2dz =" l—a)de =S|z —=2®| =Z-|(1-z)—-(-14+=)| ==
/_1,0 V1-—z 2\/ x?dr 2/_1( x%) dz 5 |::B 3‘%}_1 5 ( 3) ( —|-3) 3

The y-coordinate of the center of mass is this mass-weighted integral divided by the total mass:

20 mp _ 2p 2 4

372 3 1 31

Ta. Since n appears to the 4th power in the denominator of the error estimate it, if we double n, we
multiply the error by a factor of %. (You should have given a specific answer, which was 1 -1 = L or

16 — 16
Q.L_lor4.L_lor8.L_l)
16 — 8 16~ 4 6~ 2

2
7b. In this case, Simpson’s rule gives the exact value of the integral, which was either / 322 dz = [w3]§ =8
0

3
or / 3z dr = [wg}z = 27. There are two reasonable explanations:
0



“Simpson’s Rule approximates by fitting parabolas to the sample points. Since 322 is a parabola, the
fitted parabola is exactly y = 322, so we get exactly the correct answer.”

“In the error estimate for Simpson’s Rule, we can take K = 0, since the fourth derivative of 322 is 0.
So the error estimate is zero, meaning that Simpson’s Rule gives exactly the right answer.”

CHALLENGE PROBLEM:

8. I wrote this problem because I was thinking about Problem 3. My idea was to do (basically) Problem 3a
backwards, and then do Problem 3b. I still think this is a good way to do the problem. Here is my solution:

/tan50d0 x =tané
z?+1 dz = sec? 6 df
= [ a° ! dx x
sec? 6 df = - dx
/ 25 4 Va2 +1=sech
= dx
2241 1
5 4 2
1
Polynomial long division lets us Write/x2x+1dx:/(x3—$+x2ﬁ_1) dz = %—%+§ln]x2+1\+0.
tan'd  tan?6 1 tan'd  tan®0
Thus/tan59d6’: az - ar; —i—§ln|se029|+(]: ar; - aI; —1In|cosd| + C.

(The last simplification used rules about the natural logarithm.)

It turns out, you could have done this problem using methods similar to problems we learned how to do:
Substituting sec?# — 1 for tan?# a few times, you could come up with the same answer as above, or with
a different-looking—but equivalent—answer involving only secants.



